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The purpose of this paper is to classify all simply connected homogeneous almost
cosymplectic three-manifolds. We show that each such three-manifold is either a Lie
group G equipped with a left invariant almost cosymplectic structure or a Riemannian
product of type R× N , where N is a Kähler surface of constant curvature. Moreover, we
ﬁnd that the Reeb vector ﬁeld of any homogeneous almost cosymplectic three-manifold,
except one case, deﬁnes a harmonic map.
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1. Introduction
An almost contact metric manifold (M, φ, ξ,η, g) is said to be homogeneous if there exists a connected Lie group G of
isometries acting transitively on M and leaving η invariant. In the paper [15] the present author studied three-dimensional
manifolds admitting a homogeneous contact metric structure. He showed that these manifolds are locally isometric to a
Lie group equipped with a left invariant contact metric structure. In [4] the authors studied homogeneous almost contact
metric structures on Berger three-spheres, and recently in [3] we study homogeneous almost contact metric structures on
the three-spheres of Kaluza–Klein type. However it is an open question to classify three-dimensional manifolds admitting
a homogeneous almost contact metric structure. In the full generality this problem is very diﬃcult, so one considers it for
some special subclass. Almost cosymplectic manifolds are special almost contact metric structure. They were introduced by
S.I. Goldberg and K. Yano [10] in 1969. The simplest examples of these manifolds are locally Riemannian products of the
real line and of an almost Kählerian manifold. However, the class of almost cosymplectic manifolds which are not products
is much wider (see, for example, the papers [5–8,13,14]).
✩ Supported by funds of the University of Salento.
E-mail address: domenico.perrone@unisalento.it.0926-2245/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2011.10.003
50 D. Perrone / Differential Geometry and its Applications 30 (2012) 49–58In this paper we study three-dimensional manifolds admitting a homogeneous almost cosymplectic structure (φ, ξ,η, g).
We show that a simply connected homogeneous almost cosymplectic three-manifold is either a Riemannian product of
type R × N , where N is a Kähler surface of constant curvature, or a Lie group G equipped with a left invariant almost
cosymplectic structure (see Theorem 4.1). We classify the left invariant almost cosymplectic structure on G by using the
invariant p := ‖Lξh‖ − 2‖h‖2 where h = (1/2)Lξ φ. In particular, we get:
• the Heisenberg group is the only simply connected three-manifold which admits a homogeneous almost cosymplectic
structure (non-cosymplectic) with p = 0 and ξ harmonic vector ﬁeld;
• the group E(1,1) of rigid motions of Minkowski 2-space is the only simply connected three-manifold which admits a
homogeneous almost cosymplectic structure with p < 0;
• the universal covering E˜(2) of the group of rigid motions of Euclidean 2-space is the only simply connected three-
manifold which admits a homogeneous almost cosymplectic structure with p > 0;
• a homogeneous almost cosymplectic three-manifold is ﬂat if and only if the scalar curvature r = 0, and in such case the
structure is cosymplectic;
• there is a homogeneous cosymplectic three-manifold which is not ﬂat.
Moreover, we ﬁnd that the Reeb vector ﬁeld of any homogeneous almost cosymplectic three-manifold (M, ξ,φ,η, g), except
one case, deﬁnes a harmonic map ξ : (M, g) → (T 1M, gS), where T 1M is the unit tangent sphere bundle equipped with the
Sasaki metric gS (see Theorem 4.2).
2. Preliminaries
An almost contact structure (ξ,φ,η) on a differentiable manifold M consists of a tensor ﬁeld φ of type (1,1), a tangent
vector ﬁeld ξ (called the Reeb vector ﬁeld or the characteristic vector ﬁeld), and a differential 1-form η such that
φ2 = −I + η ⊗ ξ, η(ξ) = 1.
As a consequence, the dimension of M is odd (= 2n+1), φ(ξ) = 0 and η ◦φ = 0. Given an almost contact structure (φ, ξ,η)
on M , an associated metric is a Riemannian metric g on M such that
g(φX, φY ) = g(X, Y ) − η(X)η(Y ),
for any X, Y ∈ X(M), and then η(X) = g(ξ, X). Associated metrics are known to exist (cf. [2], p. 34). The extended object
(φ, ξ,η, g) is an almost contact metric structure. The 2-form Φ deﬁned by
Φ(X, Y ) = g(X, φY ) for any X, Y ∈ X(M)
is called the fundamental 2-form. Note that an almost contact metric structure on an orientable (2n + 1)-dimensional man-
ifold M may be regarded as a reduction of the structure group of M to U (n) × 1. If an almost contact metric structure
satisﬁes in addition the contact condition (dη)(X, Y ) = Φ(X, Y ), then (φ, ξ,η, g) is called a contact metric structure.
For a given Riemannian manifold (M, g), we denote by ∇ the Levi-Civita connection, by R the corresponding Riemann
curvature tensor given by
RXY = ∇[X,Y ] − [∇X ,∇Y ],
by Ric the Ricci tensor and by Q the corresponding Ricci operator deﬁned by g(Q X, Y ) = Ric(X, Y ).
Following S.I. Goldberg and K. Yano [10], an almost contact metric manifold (M, φ, ξ,η, g) is said to be an almost cosym-
plectic manifold if both the fundamental 2-form Φ and the 1-form η are closed, that is,
dΦ = 0 and dη = 0.
An almost cosymplectic manifold M is cosymplectic if the underlying almost contact metric structure is normal, that is,
[φ,φ] = 0, where [φ,φ] is the Nijenhuis tensor of the tensor ﬁeld φ deﬁned by
[φ,φ](X, Y ) = φ2[X, Y ] + [φX, φY ] − φ[φX, Y ] − φ[X, φY ]
for any X, Y ∈ X(M). Besides, an almost contact metric manifold is cosymplectic if and only if ∇φ = 0. Normality is known
to imply that ξ is parallel, that is, ∇ξ = 0 (as a consequence of φ(ξ) = 0 and ∇φ = 0). In dimension three an almost contact
metric manifold is cosymplectic if and only if ξ is parallel (cf. [13], p. 248).
A cosymplectic manifold is locally the product of a Kähler manifold and an interval in R. There are however examples
of cosymplectic manifolds which aren’t globally the product of a Kähler manifold and a real 1-dimensional manifold (cf. [2],
p. 77). Products of almost Kähler manifolds and 1-dimensional manifolds are examples of almost cosymplectic manifolds
with ξ parallel. For an almost cosymplectic manifolds we have the following properties (cf. [7]):
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hφ = −φh, hξ = 0, trh = 0 and div ξ = 0. (2.2)
The following proposition characterizes almost cosymplectic manifolds in dimension three.
Proposition 2.1. Let (M, φ, ξ,η, g) be an almost contact metric three-manifold. Then, M is almost cosymplectic if and only if ∇ξ is
symmetric and div ξ = 0.
Proof. We ﬁrst remark that the condition “∇ξ is symmetric”, is equivalent to say that the 1-form η is closed. Next, we
recall that for an almost contact metric three-manifold we have (cf. [12], Proposition 1)
dΦ = 2ω ∧ Φ, where ω = (1/2)(div ξ)η.
Then, the almost contact metric structure is almost cosymplectic if and only if ∇ξ is symmetric and div ξ = 0. 
Next, consider an m-dimensional Riemannian (M, g) and its unit tangent sphere bundle (T 1M, gS) equipped with the
Sasaki metric. Every unit vector ﬁeld U on M is a section of T 1M , so it deﬁnes a map U : (M, g) → (T 1M, gS). When M is
compact, we can deﬁne E(U ), the energy of U , as the energy of the corresponding map:
E(U ) = 1
2
∫
M
‖dU‖2vg = m
2
vol(M, g) + 1
2
∫
M
‖∇U‖2vg .
A unit vector ﬁeld U is called a harmonic vector ﬁeld, or a harmonic section, if it is critical for the energy functional E deﬁned
on the set X1(M) of all unit vector ﬁelds on M . The corresponding critical point condition is given by
¯U = ‖∇U‖2U , (2.3)
where ¯ is the rough Laplacian, that is, ¯U = −tr∇2U . Since such critical point condition has a tensorial character, it
deﬁnes a harmonic vector ﬁeld when M is also non-compact. On the other hand, the map U : (M, g) → (T 1M, gS) deﬁnes a
harmonic map if and only if its tension ﬁeld τ (U ) = 0, where (see, for example, [9] formula (2.30))
τ (U ) = ((tr R(∇·U ,U )·)H + (¯U − ‖∇U‖2U)V ) ◦ U .
Then U deﬁnes a harmonic map if and only if it is a harmonic vector ﬁeld and moreover the additional curvature condition
tr R(∇·U ,U )· = 0 (2.4)
is satisﬁed, where R is the curvature tensor and tr R(∇·U ,U )· denotes the trace of the bilinear map b(X, Y ) = R(∇XU ,U )Y .
In particular, (2.3) tells us that U is vertically harmonic and (2.4) horizontally harmonic. We refer to the recent monograph
[9] for details on this theory. In [16] we proved that the Reeb vector ﬁeld of a contact metric manifold is a harmonic vector
ﬁeld if and only if it is an eigenvector of the Ricci operator. In [17] we study the harmonicity of the Reeb vector ﬁeld for
locally conformal almost cosymplectic manifolds. In particular, we have the following (which is also implicit in Goldberg
and Yano’s work [10]).
Proposition 2.2. Let (M, φ, ξ,η, g) be an almost cosymplectic three-manifold. Then, ξ is a harmonic vector ﬁeld if and only if it is an
eigenvector of the Ricci operator.
3. Locally symmetric almost cosymplectic three-manifolds
We start this section with the following lemma.
Lemma 3.1. Let (M, ξ,φ,η, g) be an almost cosymplectic manifold of dimension 2n + 1. Then, the tensor 	 := R(·, ξ)ξ satisﬁes the
following properties:
∇ξh = −h2φ + φ	, (3.1)
φ	φ − 	 = −2h2, (3.2)
∇ξh = 0 ⇐⇒ ∇ξ 	 = 0. (3.3)
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	X = −∇X∇ξ ξ + ∇ξ∇Xξ + ∇[X,ξ ]ξ
= ∇ξ h˜X + h˜[X, ξ ]
= (∇ξ h˜)X + h˜2X,
where
∇ξ h˜ = (∇ξh)φ + h(∇ξφ) = (∇ξh)φ = −φ∇ξh, h˜2 = (hφ)2 = h2.
Then, we get (3.1) and
φ∇ξh = h2 − 	. (3.4)
Moreover, (3.1) gives
φ∇ξh = −(∇ξh)φ = h2φ2 − φ	φ = −h2 − φ	φ. (3.5)
Then, (3.4) and (3.5) imply (3.2). Now, we suppose ∇ξ 	 = 0. Since ∇ξ φ = 0, (3.2) gives ∇ξh2 = 0. Then, from (3.1) we have
∇ξ∇ξh = 0. Moreover, ∇ξh2 = 0 is equivalent to
(∇ξh)h + h(∇ξh) = 0.
Differentiating this equation, since ∇ξ∇ξh = 0, we get (∇ξh)2 = 0. This implies ∇ξh = 0 because it is symmetric. If we
suppose ∇ξh = 0, then (3.1) gives h2φ = φ	 and thus (∇ξh2)φ = φ∇ξ 	; but ∇ξh2 = 0, then φ∇ξ 	 = 0 from which we get
∇ξ 	 = 0. 
Let R be a real line with the metric g0, ξ0 a vector ﬁeld such that g0(ξ0, ξ0) = 1 and η0 the 1-form deﬁned by η0 =
g0(ξ0, ·). Let (N, J , g˜) be a Kähler surface of constant curvature, thus dimR N = 2. Consider the Riemannian product (R×
N, g), g = g0 × g˜ . Let (X1, X2) be a vector ﬁeld tangent to R× N , where X1 is tangent to R and X2 tangent to N . Deﬁne
the tensor ﬁelds ξ , φ, η on R× N by
ξ = (ξ0,0), φ(X1, X2) = (0, J X2), η(X1, X2) = η0(X1).
Then, (ξ,φ,η) is an almost contact structure and g is an associated metric. Since ∇R = 0 and ∇ξ = 0, we get that (ξ,φ,η, g)
is a locally symmetric cosymplectic structure on R× N . Now, we show that an arbitrary locally symmetric almost cosym-
plectic structure on a three-dimensional manifold is necessarily of this type.
Proposition 3.1. Let (M, ξ,φ,η, g) be a locally symmetric almost cosymplectic three-manifold. Then the structure is cosymplectic,
and M is locally a Riemannian product of a 1-dimensional manifold and a Kähler surface of constant curvature c (if c = 0 we have the
ﬂat case).
Proof. Let (M, ξ,φ,η, g) be a locally symmetric almost cosymplectic three-manifold. If M is irreducible, it is Einstein, but
a three-dimensional Einstein space is of constant curvature k. Then a result of Olszak [14] gives that M is ﬂat and by (3.2)
h = 0 and the structure is cosymplectic. If M is locally a Riemannian product of three 1-dimensional manifolds, then M
is again ﬂat. Thus we consider the case that M is locally a Riemannian product of 1-dimensional manifold R and a 2-
dimensional manifold N which, being locally symmetric must be of constant curvature c = 0. Now, we have to show that ξ
is tangent to R, that is, ∇ξ = 0 and the structure is cosymplectic. Let e1 be a local unit vector ﬁeld tangent to R and e2 be
a local unit vector ﬁeld in the direction of the projection of ξ to the 2-dimensional factor N and e3 a local unit vector ﬁeld
tangent to N and orthogonal to e2. Then
ξ = a1e1 + a2e2 and v := a2e1 − a1e2 ∈ kerη.
Next, since ∇R = 0,
(∇ξ 	)X = ∇ξ R(X, ξ)ξ − R(∇Xξ, ξ)ξ = (∇R)(X, ξ, ξ) = 0
and thus (3.3) gives ∇ξh = 0. Then, (3.1) becomes
	 = h2. (3.6)
Since e1 is tangent to R and e2 is tangent to N , we have
	v = R(a2e1 − a1e2, ξ)ξ = R(a2e1 − a1e2,a1e1 + a2e2)ξ
= (a2 + a2)R(e1, e2)ξ = 01 2
D. Perrone / Differential Geometry and its Applications 30 (2012) 49–58 53and thus, from (3.6), we have h2v = 0. On the other hand, since e3 is tangent to N , we have
	e3 = R(e3, ξ)ξ = RN(e3,a2e2)a2e2 = −a22ce3
and (3.6) gives λ2 = −a22c where λ, −λ are the eigenvalues of h. Since for any X ∈ kerη, we have h2X = λ2X , then h2v = 0
implies a22c = 0 with c = 0, that is a2 = 0 and thus ξ is tangent to R. Of course, in such case φ and g induce a Kähler
structure on N . 
4. Main results
In this section we give the main results of the paper.
4.1. Homogeneous almost cosymplectic three-manifolds
An almost cosymplectic manifold (M, η, g, ξ,ϕ) is said to be homogeneous if there exists a connected Lie group of
isometries acting transitively on M and leaving η invariant. It is said to be locally homogeneous if the pseudogroup of
local isometries acts transitively on M and leaves η invariant. Note that a three-dimensional locally homogeneous almost
cosymplectic manifold is locally isometric to a homogeneous one. If (M, η, g, ξ,ϕ) an almost cosymplectic three-manifold,
we introduce the invariant
p := ‖Lξh‖ − 2‖h‖2 (4.1)
which will be useful for the classiﬁcation of homogeneous ones. We have
Theorem 4.1. Let (M, ξ,φ,η, g) be a simply connected homogeneous almost cosymplectic three-manifold. Then either M is a Lie group
G equipped with a left invariant almost cosymplectic structure, or a Riemannian product of type R× N, where N is a simply connected
Kähler surface of constant curvature. More precisely, if M is a Lie group we have the following classiﬁcation.
Cosymplectic case:
(C1) If G is unimodular, then the metric is ﬂat and G is one of the following Lie groups:
• the group E˜(2), universal covering of the group of rigid motions of Euclidean 2-space, when some X ∈ g is not parallel;
• the commutative Lie group R3 when every X ∈ g is parallel.
(C2) If G is non-unimodular, its Lie algebra is given by
[e1, e2] = αe2, [e1, ξ ] = [e2, ξ ] = 0,
where e1, e2 = φe1 ∈ kerη and α = 0; in this case the basis (e1, e2, ξ) diagonalizes the Ricci tensor, the Ricci quadratic form has
the signature (−,−,0) and the scalar curvature is r = −2α2 < 0.
In both cosymplectic cases ξ is a harmonic unit vector ﬁeld.
Non-cosymplectic case:
(NC1) If G is unimodular, then ξ is a harmonic unit vector ﬁeld, the scalar curvature is r = −‖h‖2 and G is one of the following Lie
groups:
• the universal covering E˜(2) of the group of rigid motions of Euclidean 2-space, when p > 0;
• the group E(1,1) of rigid motions of Minkowski 2-space when p < 0;
• the Heisenberg group H3 when p = 0.
(NC2) If G is non-unimodular, its Lie algebra g is given by
[e1, e2] = αe2, [e1, ξ ] = γ e2, [e2, ξ ] = 0,
where e1, e2 = φe1 ∈ kerη and α,γ = 0; in this case p = 0, the scalar curvature is r = −2(α2 + γ 2) < 0 and ξ is not a
harmonic unit vector ﬁeld.
If M is an almost cosymplectic three-manifold M of type R× N , the structure is cosymplectic and hence p = 0. Then,
from Theorem 4.1 we get the following.
Corollary 4.1. The Heisenberg group is the only simply connected three-manifold which admits a homogeneous almost cosymplectic
structure (non-cosymplectic) with p = 0 and for which ξ is a harmonic unit vector ﬁeld.
Moreover, from Theorem 4.1 we obtain also the following corollaries.
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with p < 0 (respectively, p > 0).
Corollary 4.3. A homogeneous almost cosymplectic three-manifold is ﬂat if and only if the scalar curvature r = 0, and in such case the
structure is cosymplectic. Moreover, there is a homogeneous cosymplectic three-manifold which is not ﬂat.
Remark 4.1. Blair [1] proved that a cosymplectic manifold of constant curvature is locally ﬂat. In general, by Corollary 4.3,
a homogeneous cosymplectic three-manifold is not ﬂat.
Proof of Theorem 4.1. Let (M, ξ,φ,η, g) be a simply connected homogeneous almost cosymplectic three-manifold. Denote
by G the Lie group acting transitively as a group of isometries which leaves η invariant. Since (M, g) is a simply connected
homogeneous Riemannian three-manifold, a result of Sekigawa [17] gives that (M, g) is isometric to either
(I) a Lie group manifold endowed with a left invariant metric,
or
(II) a symmetric space.
We examine separately the two cases.
Case (I). In this case, G is diffeomorphic to M by the projection π :G −→ M,a −→ axo , where xo is a ﬁxed point of M ,
and g = πg is a left invariant metric on G (see [17]). Moreover, on G we can consider the vector ﬁeld ξ∗ = π−1∗ ξ , the
1-form η = πη and the tensor φ = π−1 ◦ φ ◦ π which are invariant under left translations. Therefore we can consider
M as a Lie group G and (ξ,φ,η, g) as a left invariant almost cosymplectic structure. Now, from (2.1) and (2.2), h = φ∇ξ
and hence h commutes with left translations: (La)hxo = haxo (La) . Consequently, the eigenvectors of h are left invariant. In
fact, if g ≡ Txo (G) denotes the Lie algebra of G and exo ∈ g with hxo exo = λexo then ex = (La)exo , x = axo , is a left invariant
vector ﬁeld which satisﬁes
hxex = hx(La)exo = (La)hxoexo = λex.
In particular, the eigenvalues, λ and −λ, of h are constant, and we suppose λ 0. Following [11], our Lie group G can be
either unimodular or non-unimodular.
Unimodular case
Recall that G is called unimodular if its left invariant Haar measure is also right invariant. In terms of the Lie algebra g,
G is unimodular if and only if the linear transformation adX has trace zero for every X ∈ g. Choose an orientation for the
Lie algebra g so that the cross product u × v is deﬁned and hence the formula L(u × v) := [u, v] deﬁnes a linear mapping
from g to itself. Then, since G is unimodular, L is self-adjoint (see [11], p. 305). Consider an orthonormal basis (e1, e2, e3)
of g given by a φ-basis, i.e. ξ = e1, e = e2, φe = e3, such that he2 = λe2 and he3 = −λe3, λ 0. Then the linear map L is
given by
L(e1) = [e2, e3], L(e2) = [e3, e1], L(e3) = [e1, e2].
Put L(ei) =∑3j=1 a jie j , where a ji are constant. Since L is self-adjoint, the matrix A = (a ji) is symmetric and hence, we have
[e2, e3] = λ1e1 + αe2 + βe3,
[e3, e1] = αe1 + λ2e2 + γ e3,
[e1, e2] = βe1 + γ e2 + λ3e3.
Since ∇ξ e is parallel to φe and, by (2.1), ∇eξ = −λφe, then [e1, e2] = [ξ, e] is parallel to e3 = φe and hence β = γ = 0.
Analogously, [e1, e3] = [ξ,φe] is parallel to e2 and hence we have α = 0. So, our φ-basis (e1, e2, e3) is an orthonormal basis
consisting of eigenvectors for L:
[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3. (4.2)
Using (4.2), we have
(dη)(e2, e3) = −λ1
2
and (dη)(ei, e j) = 0 for (i, j) = (2,3), (3,2).
Since η is closed, we must have λ1 = 0. Using again (4.2) and the Levi-Civita equation, we get
(∇eie j) =
⎛
⎝ 0
λ2+λ3
2 e3
−λ2−λ3
2 e2
λ2−λ3
2 e3 0
λ3−λ2
2 e1
λ2−λ3 e λ3−λ2 e 0
⎞
⎠ . (4.3)2 2 2 1
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Q ξ = − (λ2 − λ3)
2
2
ξ, Q e2 = (λ
2
2 − λ23)
2
e2, Q e3 = − (λ
2
2 − λ23)
2
e3. (4.4)
From (4.4) we have that Ric(ξ, X) = 0 for every X ∈ kerη and hence, by Proposition 2.2, we get that ξ is a harmonic unit
vector ﬁeld. Using again (4.3), we get
∇e2ξ =
λ2 − λ3
2
e3, ∇e3ξ =
λ2 − λ3
2
e2.
Hence,
he2 = λe2, he3 = −λe3, where λ = λ3 − λ2
2
> 0,
and
‖h‖2 = 2λ2 = (λ3 − λ2)
2
2
. (4.5)
In particular the scalar curvature r = Ric(ξ, ξ) = −(λ2 − λ3)2/2 = −‖h‖2, and the metric is ﬂat if and only if the almost
cosymplectic structure is cosymplectic. Moreover, using (4.2) and (4.3), we get
(Lξh)e2 = 2λλ3e3, (Lξh)e3 = 2λλ2e2,
and hence
‖Lξh‖2 = 4λ2
(
λ22 + λ23
)
. (4.6)
From (4.1), (4.5) and (4.6), we have
p
(‖Lξh‖ + 2‖h‖2)= ‖Lξh‖2 − 4‖h‖4 = 8λ2λ2λ3. (4.7)
On the other hand, Milnor ([11], p. 307) gave a complete classiﬁcation of the unimodular three-dimensional Lie groups
considering the possible combinations of the signs of λ1, λ2, λ3. Using this classiﬁcation, the simply connected unimodular
Lie groups which admit a constant λ1 = 0 are: the universal covering E˜(2) of the group of rigid motion of Euclidean 2-space,
the group E(1,1) of rigid motion of Minkowski 2-space, the Heisenberg group H3 and the commutative group R3. More
precisely, we can have the following cases.
(C1) If h = 0, that is, λ2 = λ3, then the structure is cosymplectic and G either is E˜(2) (λ1 = 0, λ2 = λ3 > 0) or the
commutative group R3 (λ1 = λ2 = λ3 = 0). In both cases, by (4.4), the metric is ﬂat but in the ﬁrst case ∇X = 0
for some X ∈ g and in the second case ∇X = 0 for any X ∈ g.
(NC1) If h = 0, that is, λ2 = λ3, we distinguish the several cases using the invariant p given by (4.7).
If p = 0, that is λ2 = 0, and hence λ3 = 0 because h = 0, then G is the Heisenberg group H3 (λ1 = λ2 = 0, λ3 > 0).
If p > 0, that is λ2λ3 > 0, since λ3 > λ2, we have λ1 = 0, λ2 > 0, λ3 > 0, or λ1 = 0, λ2 < 0, λ3 < 0. Then G is the Lie
group E˜(2).
If p < 0, that is λ2λ3 < 0, since λ3 > λ2 we have λ1 = 0, λ2 < 0 and λ3 > 0. Then G is the Lie group E(1,1).
Non-unimodular case
In this case the Lie algebra g of G is not unimodular. Its unimodular kernel a = {X ∈ g: tradX = 0}, being 2-dimensional
and unimodular, must be commutative ([11], p. 320). Since
tradξ = g
([ξ, X], X)+ g([ξ,φX], φX)
= −g(∇Xξ, X) − g(∇φXξ,φX)
= −g(hφX, X) + g(hX, φX) = 0,
where X is a unit vector ﬁeld orthogonal to ξ , then ξ ∈ a. Now, we consider an orthonormal basis (e2, e3 = ξ) of a. Then
e1 = −φe2 does not belong to a and (e1, e2, e3) is an orthonormal basis of g. Moreover, the map L := ade1 is a linear
transformation from a to itself ([11], p. 320). Then, we can put
[e1, e2] = αe2 + βe3,
[e1, e3] = γ e2 + δe3,
where δ = g([e1, e3], e3) = −g(∇ξ e1, ξ) = g(e1,∇ξ ξ) = 0 and hence α = tr L = trade1 = 0. Since η is closed, from
2dη(e1, e2) = −η([e1, e2]) = −β we get β = 0. On the other hand a is commutative, then [e2, e3] = 0. Therefore we have
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In such case the Milnor isomorphism invariant D (the determinant of L) for this Lie algebra is equal to zero. Using (4.8) and
the Levi-Civita equation, we get
(∇eie j) =
⎛
⎜⎝
0 − γ2 e3 γ2 e2
−αe2 − γ2 e3 αe1 γ2 e1
− γ2 e2 γ2 e1 0
⎞
⎟⎠ . (4.9)
Using (4.9), by a direct calculation we ﬁnd
Q e1 = −
(
α2 + γ
2
2
)
e1, Q e2 =
(
−α2 + γ
2
2
)
e2 − αγ ξ, Q ξ = −γ
2
2
ξ − αγ e2. (4.10)
Thus we have the following cases.
(C2) If γ = 0, by (4.9) the almost cosymplectic structure is cosymplectic, and by (4.10) and Proposition 2.2 ξ is a harmonic
unit vector ﬁeld. Moreover, the basis (e1, e2, ξ) diagonalizes the Ricci tensor, the Ricci quadratic form ha signature
(−,−,0) and the scalar curvature is r = −2α2.
(NC2) If γ = 0, the invariant p = 0. In fact, using again (4.9), we get
∇e1ξ =
γ
2
e2, ∇e2ξ =
γ
2
e1, ‖h‖2 = γ
2
2
,
(Lξh)e1 = γ 2e2, (Lξh)e2 = 0,
and hence
‖Lξh‖ = γ 2 = 2‖h‖2.
Moreover, by (4.10) and Proposition 2.2, we get that ξ is not a harmonic unit vector ﬁeld and the scalar curvature is
r = −(2α2 + γ 22 ) = −2α2 − ‖h‖2 < 0.
Case (II). In this case, (M, g) is a symmetric space. Since g is also a metric associated to the almost contact structure
(ξ,φ,η), Proposition 3.1 gives that either (M, g) is ﬂat or a Riemannian product of type R× N , where N is a Kähler surface
of constant curvature c = 0. This concludes the proof. 
Now, we exhibit homogeneous almost cosymplectic structures on three-dimensional Lie groups.
Example 4.1. Let G be a three-dimensional unimodular Lie group with g left invariant metric. Then there exists an orthonor-
mal basis (e1, e2, e3) of the Lie algebra g such that
[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3, (4.11)
where λ1, λ2, λ3 are constants ([11], p. 305). Using (4.11) and the Levi-Civita equation, we get (4.3). If a constant λi = 0,
then from (4.3) we obtain that ξ = ei is geodesic, div ξ = 0 and ∇ξ is symmetric. Suppose for example λ1 = 0, and deﬁning
φ with respect to the basis (ξ := e1, e2, e3) by φξ = 0, φe2 = e3 and φe3 = −e2, we have that (φ, ξ,η = g(ξ, ·), g) is a left
invariant almost contact metric structure on G . Moreover, since ∇ξ is symmetric and div ξ = 0, from Proposition 2.1 we get
that the structure is almost cosymplectic. The simply connected unimodular Lie groups which admit a constant λi = 0 are:
the universal covering E˜2 of the group of rigid motion of Euclidean 2-space, the group E(1,1) of rigid motion of Minkowski
2-space, the Heisenberg group H3 and the commutative group R3 (see [11]).
Example 4.2. Let G be a three-dimensional non-unimodular Lie group. In this case its Lie algebra g is not unimodular and
its unimodular kernel a = {X ∈ g: tradX = 0} is 2-dimensional and abelian. If (e2, e3) is a basis of a, we have [e2, e3] = 0.
Let e1 be an element of g such that e1 /∈ a, hence trade1 = 0. Then (e1, e2, e3) is a basis of the Lie algebra g such that
[e1, e2] = αe2 + βe3, [e1, e3] = γ e2 + δe3, [e2, e3] = 0, (4.12)
where α, β , γ , δ are constants satisfying α + δ = trade1 = 0 (see also [11], p. 309). Now, let g the left invariant metric on G
deﬁned by g(ei, e j) = δi j . If we put α = 0, δ = β = 0 and ξ = e3, then (φ, ξ,η = g(ξ, ·), g) is a left invariant almost contact
metric structure on G , where φξ = 0, φe1 = e2 and φe2 = −e1. Using (4.12) and the Levi-Civita equation, we get the matrix
(4.9). From (4.9) we obtain that div ξ = 0 and ∇ξ is symmetric. Then, by Proposition 2.1 we get that the almost contact
metric structure is almost cosymplectic, and it is cosymplectic if and only if γ = 0. Similarly, if we put α = γ = 0, δ = 0
and ξ = e2, we get again an almost cosymplectic structure.
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In this subsection we show the following result.
Theorem 4.2. Let (M, ξ,φ,η, g) be an almost cosymplectic three-manifold. Then on an everywhere dense open subset of M the
following properties are equivalent.
(1) ξ deﬁnes a harmonic map;
(2) tr R(∇·ξ, ξ)· = 0, that is ξ is horizontally harmonic;
(3) ξ is harmonic and ξ(trh2) = 0.
In particular, the Reeb vector ﬁeld of any homogeneous almost cosymplectic three-manifold, except the case (NC2), deﬁnes a harmonic
map ξ : (M, g) → (T 1M, gS).
Proof. Let (M, η, g, ξ,φ) be an almost cosymplectic three-manifold and p a point of M . Now, let U1 be the open subset
of M where h = 0 and let U2 be the open subset of points m ∈ M such that h = 0 in a neighborhood of p. U1 ∪ U2 is an
open dense subset of M . If the open set U2 is not empty, then the restriction of the almost cosymplectic structure to U2
is cosymplectic. In such case ∇ξ = 0 and the properties (1), (2), (3) are trivially satisﬁed. Next, let U1 be non-empty and
let (ξ, e1, e2 = φe1) be a local φ-basis of eigenvector of h, that is, he1 = λe1 and he2 = −λe2, where λ is a non-vanishing
smooth function which we suppose to be positive. Then, since ∇e1ξ = −λe2 and ∇e2ξ = −λe1, we get
tr R(∇·ξ, ξ)· = R(∇e1ξ, ξ)e1 + R(∇e2ξ, ξ)e2
= −λ(R(e1, ξ)e2 + R(e2, ξ)e1),
where
R(e1, ξ)e2 = g
(
R(e1, ξ)e2, ξ
)
ξ + g(R(e1, ξ)e2, e1)e1
= −g(	e1, e2)ξ − Ric(e2, ξ)e1,
R(e2, ξ)e1 = g
(
R(e2, ξ)e1, ξ
)
ξ + g(R(e2, ξ)e1, e2)e2
= −g(	e1, e2)ξ − Ric(e1, ξ)e2.
Hence,
tr R(∇·ξ, ξ)· = λ
(
Ric(e2, ξ)e1 + Ric(e1, ξ)e2 + 2g(	e1, e2)ξ
)
(4.13)
From (3.1) we get
	e1 = h2e1 − φ(∇ξh)e1
= λ2e1 − φ(∇ξhe1 − h∇ξe1)
= λ2e1 − ξ(λ)e2 − λφ∇ξ e1 + φh∇ξe1
and hence
g(	e1, e2) = −ξ(λ) − λg(φ∇ξe1, e2) + g(φh∇ξe1, e2)
= −ξ(λ) − λg(∇ξe1, e1) + g(∇ξe1,he1)
= −ξ(λ).
Therefore, (4.13) becomes:
tr R(∇·ξ, ξ)· = λ
(
Ric(e2, ξ)e1 + Ric(e1, ξ)e2 − 2ξ(λ)ξ
)
, (4.14)
where ξ(λ) = 0 if and only if ξ(trh2) = 0, trh2 = 2λ2. From (4.14) we get that the properties (1), (2) and (3) are equivalent.
If M is a homogeneous almost cosymplectic three-manifold, λ is a constant and so M = U1 when λ = 0 or M = U2 when
λ = 0. Moreover, from Theorem 4.1 we have that, except the case (NC2), the Reeb vector ﬁeld deﬁnes a harmonic map
ξ : (M, g) → (T 1M, gS). 
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